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1. SECTION A IS COMPULSORY. 
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SECTION A: COMPULSORY        

Question One 

 

a) Let 𝑇:ℝ2 → ℝ2 be a mapping defined by 𝑇(𝑥, 𝑦) = (𝑥 + 𝑦, 𝑥). Is 𝑇 linear?  

          (5 marks) 

b) Find the eigenvalues and eigenvectors of the matrix 𝐴 = (5 29 2)  (9 marks) 

c) Define the linear operator 𝑇 on ℝ2 by 𝑇(𝑥, 𝑦) = (2𝑥 + 𝑦, 4𝑥 − 𝑦). Compute the matrix 

representation of 𝑇 relative to the basis {𝑔1 = (1,1), 𝑔2  = (−1 0)}  (4 marks) 

d) Let H be the set of all vectors of the form [ 𝑐 − 𝑎𝑎 − 6𝑏2𝑎 + 𝑏]. Show that H is a subspace  

          (3 marks) 

e) Define an operator 𝑇: ℝ3  →  ℝ3 by 𝑇 (𝑥, 𝑦, 𝑧)  =  (2𝑥,− 𝑦, 𝑧). Determine whether 𝑇 is 

linear.          (5 Marks) 

f) Determine whether vectors 𝑉⃗ 1, 𝑉⃗ 2 𝑎𝑛𝑑 𝑉⃗ 3 are linearly independent if 𝑉⃗ 1 = [015], 𝑉⃗ 2 = [128] 
and 𝑉⃗ 3 = [ 4−10 ]        (4 marks) 

 

 

SECTION B: ANSWER ANY TWO QUESTIONS 

QUESTION TWO (20 MARKS) 

a) Let 𝑣 1, 𝑣 2 ∈ 𝑉. Show that 𝐻 = 𝑠𝑝𝑎𝑛{𝑣 1, 𝑣 2} is a subspace of 𝑉  (6 marks) 

b) Determine whether the matrix 𝐴 = (1 −12 0 ) is a zero of the polynomial 𝑃(𝑥) = 𝑥3 +2𝑥2 − 4𝑥 + 3         (8 marks) 

c) Let 𝐴 = (1 23 4) and 𝑓(𝑡) = 2𝑡 − 3. Find 𝑓(𝐴)    (3 marks) 

d) Determine which properties of a vector space are not satisfied by ℕ- the set of natural 

numbers.         (3 marks) 

 

QUESTION THREE (20 MARKS) 

a) Define a linear map 𝑇 on ℝ3by 𝑇 (𝑥, 𝑦, 𝑧)  =  (𝑥 +  2𝑦 −  𝑧, 𝑦 +  𝑧, 𝑥 +  𝑦 −  2𝑧). 
Find: 

i. A basis and the dimension of the image 𝑈 of 𝑇 

ii. A basis and the dimension of the kernel 𝑊 of 𝑇     

         (10 Marks) 



P a g e  | 3 

b) Find the characteristic polynomial, eigenvalues and minimal polynomial  of the matrix  

𝐴 = ( 
 2 5 0 0 00 2 0 0 00 0 4 2 00 0 3 5 00 0 0 0 7) 

 
       (10 marks) 

QUESTION FOUR (20 MARKS) 

a) Let T: 𝑀2ℝ → ℝ2[x] be defined by T[𝑎 𝑏𝑐 𝑑] = (a +2b +3c +4d)𝑥2 + 

(2a – b +c)x +(3a -2b +c +2d. Find the matrix representation [𝑇]𝐸𝐹  

relative to the bases E = {(1 00 0) (0 10 0) (0 01 0) (0 00 1)}and F= {𝑥2, 𝑥, 1}  for  𝑀2 ℝ and ℝ2[x].                                            (5marks) 

b) Let V be the vector space of functions with basis S = 

{sin 𝑡 , cos 𝑡, 𝑒3𝑡} and let D: V→ V be the differential operator 
defined by D(f(t)) = 

𝑑𝑑𝑡(f(t)).                                         (4 marks). 

c) Consider the following bases of  ℝ2. 

S= {𝑒1 = (1,−2), 𝑒2 = (3,−4), } abd 𝑆∗= {𝑓1 = (1, 3), 𝑓2 = (3,8)} 
i. Find the co-ordinates of V= (a, b) relative to the basis S.  (2 

marks) 

ii. Find the change of basis matrix P from S to 𝑆∗.         (2 marks) 

iii. Find the change of basis matrix Q from 𝑆∗ to S.         (1 mark) 

iv. Verify that Q= 𝑃−1.                                                     (1 mark) 

v. Show that  𝑃−1[𝑣]= [𝑣]𝑆∗  for any vector V= (a, b) in  ℝ2.             

(1 mark) 

d) Suppose that B is similar to A.ie B= 𝑃−1AP. Prove that 𝐵𝑛= 𝑃−1𝐴𝑛𝑃 

and so 𝐵𝑛  is similar to 𝐴𝑛.                                                    (2 marks) 

 

QUESTION FIVE (20 MARKS) 

a) Let 𝐴 = [1 2 23 1 01 1 1]. Find: 

i. The determinant of A 

ii. Adj (A) 
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iii. A-1          

        (10 Marks) 

b)  

i. State Cayley – Hamilton theorem. 

ii. Find the characteristic polynomial of the matrix 𝐴 = (5 32 10) 
iii. Verify Caley – Hamilton theorem for A   (10 Marks) 
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